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The Goddard problem is that of maximizing the final altitude for a vertically ascending, rocket-powered
vehicle under the influence of an inverse square gravitational field and atmospheric drag. The present paper deals
with the effects of two additional constraints, namely, a dynamic pressure limit and specified final time. Nine
different switching structures involving zero-thrust arcs, full-thrust arcs, singular-thrust arcs, and state-con-
strained arcs are obtained when the value of the dynamic pressure limit is varied between zero and infinity and
the final time is specified between the minimum possible time within which all of the fuel can be burned and the
natural final time that emerges for the problem with final time unspecified. For all points in the aforementioned
domain of dynamic pressure limit and prescribed final time, the associated optimal switching structure is clearly
identified. Finally, a simple intuitive feedback law is presented for the free time problem. For all values of
prescribed dynamic pressure limit, this strategy yields a loss in final altitude of less than 3% with respect to the
associated optimal solution.

I. Introduction

T HE problem of maximizing the final altitude for a verti-
cally ascending rocket was first formulated by Goddard1

in 1919. Numerous authors such as Hamel2 in 1927, Tsien and
Evans3 in 1951, Miele and Cavoti4 in 1958, Leitmann5'9 in
1956-63, and Garfinkel10 in 1963 have analyzed the problem
using various mathematical methods and assumptions on the
equations of motion. An extensive study of the problem under
realistic assumptions on the equations of motion has become
possible only with the development of the theory of optimal
control in conjunction with powerful digital computers. Re-
cently, Tsiotras and Kelley11'12 have studied the effects of a
final time specification and drag modeling.

In the present treatment, a dynamic pressure constraint,
which in the context of optimal control represents a first-order
state inequality constraint, is introduced to the problem. The
effect of this constraint as well as the effect of restrictions on
the final time are investigated for their impact on the switching
structure and the maximum attainable altitude.

II. Problem Formulation
The problem is to maximize the final altitude for a rocket

ascending vertically under the influence of atmospheric drag
and an inverse square gravitational field. The states are radial
distance r, velocity v, and mass m. The thrust magnitude T
is the only control and is subject to fixed bounds 0< T< Tmax
(control constraints) and a dynamic pressure limit q < #max
(state constraint). The following assumptions are made: point-
mass model, Newtonian central gravitational field, one-di-
mensional trajectory, air density that varies exponentially
with altitude, constant drag coefficient, and constant exhaust
velocity.

In nondimensional form, the problem is given as follows:

subject to the equations of motion

min — r(tf) 0)

Received Dec. 2, 1991; revision received July 21, 1992; accepted for
publication Sept. 1, 1992. Copyright © 1992 by the American Institute
of Aeronautics and Astronautics, Inc. All rights reserved.

*Senior Project Engineer, 17 Research Drive; working under con-
tract at the Spacecraft Controls Branch, NASA Langley Research
Center. Member AIAA.

tReynolds Metals Professor, Interdisciplinary Center for Applied
Mathematics. Associate Fellow AIAA.

r = v

T-D 1
m rz

the control constraint

7^[0, Tmax]

the boundary conditions

r(0) = 1

v(0) = 0

/w(0)= 1

r(tf) to be maximized

v(tf) free

m(tf) = mf

and the state inequality constraint

Po(r,v) = v - vmax(r)<0

(2)

(3)

(4a)

(4b)

(4c)

(4d)

(4e)

(4f)

(5)

where vmax is a prescribed smooth function of radial dis-
tance r.

III. Dynamic Pressure Limit
In Eq. (5), a state constraint of the general form v < vmax(r)

is introduced. With the functional dependence of vmax on the
radial distance r given by

*(/•): = (6)

this represents a dynamic pressure limit q <#max- It is interest-
ing to note that many other state constraints of practical inter-
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est, such as a Mach limit or a heating rate constraint, can be
represented in the same general form of Eq. (5). All state
constraints of the form of Eq. (5) are of order 1 and, except for
the explicit functional dependence of vmax on r, involve the
same optimality conditions and require the same techniques
for numerical treatment.

IV. Drag Model and Vehicle Data
The variables in the system description of Eqs. (1-6) are

nondimensionalized with r = Earth's radius as the length scale,
m = initial mass of the vehicle as the mass scale, and I = ̂ ff7g
as the time scale. Here g = 9.80665 m/s2 denotes the value of
Earth's gravitational acceleration at radius f. The explicit nu-
merical values of f and t are

f = 6.37- 106m

7-805.95 s

These are the usual canonical units used in astrodynamics.13

Note that the unit speed corresponds to circular orbit speed at
the Earth's surface ( — 7.9 km/s).

The symbols T and D in Eq. (2) denote the ratios of thrust
to initial weight and drag to initial weight, respectively. This
nondimensional drag is given by

where

and

D =

q =

qCDA

is minimized subject to all control constraints:

T = arg min H,
TtU

U=\TtR T admissible! (9)

On unconstrained arcs (i.e., on time intervals where Eq. (5) is
satisfied with strict inequality),

u = | o<r<r m (10)

On constrained arcs (i.e., on time intervals, say [TI , r2], where
Eq. (5) is satisfied with strict equality),

is equivalent to

P0 = 0 on [ri,r2]

P0 = 0 at t = TI

! = O on t € ( T i , T 2

where

dP0

dt
T-D

m

(11)

(12)

(13)

(14)

(here and in the remainder of this paper the prime denotes
differentiation with respect to radial distance r) so that the set
of admissible controls is

u= | o<r<r m (15)

For a fixed state vector, this set usually consists of a single
point but may be empty. The evolution of the Lagrange multi-
pliers \x, x € { r , v, m }, is governed by

denote the dynamic pressure and air density, respectively. The
constants CD, A, and ra0 denote drag coefficient, reference
area, and initial mass, respectively. Additionally, p0> 0, c, and
mf are air density at sea level, density decay rate, exhaust
velocity, and final mass, respectively. The drag model involves
the parameter pQCDA/mQg. The values used for numerical
calculations are

T — 1 51 max — J'J

mf=0.6

0 = 500

PoCDA = 620 (7)

These values are adopted from Ref. 14 and roughly correspond
to a Soviet SA-2 surface-to-air missile, NATO code named
GUIDELINE. The dimensional value of the dynamic pressure
is obtained from

^dimensional = (q .A) • 6174 N

The explicit value of the cross section area A is not given in
Ref. 14.

V. Minimum Principle
Problem (1-6) is solved by applying the Pontryagin mini-

mum principle. Assuming that a solution of Eqs. (1-6) exists,
the minimum principle states that at every point in time the
control is such that the variational Hamiltonian

r, Xv , Xm) = \rr + Xvv + \mm (8)

x -Xx - ~ dx
(16)

on unconstrained arcs. On constrained arcs, the implicit de-
pendence of the control on states via Eq. (13) implies

dx dx
(17)

(see Bryson et al.15) where ju, is the Kuhn-Tucker multiplier in
the minimization (9) subject to Eq. (10). Supplementary opti-
mality conditions are given by

/>t>0

jit<0

(18)

(19)

(see Jacobson et al.16).

VI. Hamiltonian and Adjoint Equations
Explicitly the Hamiltonian (8) takes the form

Xv m -
c

(20)

and the adjoint equations are

. = \,8D _ 2_ _
m dr v r3

J_ at>
m dr

. \vdD I 3D
Xv = — —— - Xr - /x - — —— - vmax(r)m ov \ m ov

(21)
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where on unconstrained arcs

M =

and on constrained arcs

dH

VII. Control Logic
With the switching function 5 defined by

_ _ v ^ m

dT ~ m c

the minimum principle (9) and (10) implies

fo if 5>0
T=\ ^max if 5<0

T• if Q = OL sing 1X *-> — u

On singular arcs 5 = 0,5 = 0, and 5=0 imply

v ~ Xm - = 0c

and

where

VIII. Transversality and Corner Conditions
All transversality and corner conditions are given such that

(22) the first variation dJ of the cost function of Eq. (1), J -
-r(tf), is zero.16'17 For the boundary conditions of Eq. (4),
this yields

(23) M*/) = ~ 1 (33)

Av«/) = 0 (34)

In case of free final time tf, the associated optimality condi-
tion is

(24)

(25)

T• —1 sing —
A}+A2

(26)

(27)

(28)

= _ _ .
l~ mc\dv c) dvdrV dv2\m r2

\\dD 3D (D 1\1 idD 2m
A2=-\ — v-— — + -T + — + -rdr dv Vm r

and

1 (dD D\ d2D 1 3D 1
A3 = —— I —— + — ) + -——r — + —— ——me \dv c/ ov2- m dv me

respectively. The singular arc is of first order (see Bryson and
Ho17). On state-constrained arcs of Eq. (9), Eq. (15) implies

H(tf) = 0 (35)

As no explicitly time-dependent interior point constraints are
imposed on the problem, the Hamiltonian H is continuous
throughout the time interval [0, (/•], including across corners.
At switching points between minimum and maximum thrust
T this implies

5 = 0 (36)

where 5 is the switching function given in Eq. (24).
At the beginning of singular arcs, conditipns in Eqs. (26)

and (27) must be satisfied to guarantee that control logic of
Eq. (28) keeps the switching function of Eq. (24) identically
zero. Note that singular arcs may occur naturally as part of an
optimal solution but their existence cannot be forced. Conse-
quently, even though conditions of Eqs. (26) and (27) can be
used for the numerical calculation of a trajectory involving
singular control arcs, these conditions cannot be considered as
physically imposed constraints on the problem and hence do
not lead to any jumps in the costates or the Hamiltonian.

At the beginning, say t\, of the state-constrained arc, condi-
tions are

= 0

xv(?,+) = M* ,- ) - /o ir

(37a)

(37b)

(37c)

(37d)

(37e)

where superscripts + and - denote evaluation at times t\ + e,
ti-e, e>0, and e—>0, respectively. The end, say /2> of the
constrained arc is determined by

V = - Xv + \m ™ (^from — +1. ̂  = oj (29) S(t2) [T(t2
+)~ T(t2~)] =0 at t = (38)

m
* = D 4- — + iconstr -*-^ "^ ?rz (from Pl = 0) (30)

Along singular arcs the generalized Legendre-Clesch condition
(see Kelley et al.18),

(31)

yields

_ fy< i __ I __ i _ j _j_ __ _ _i_ __ __ i ^ f\ C%')\
mcimc\dv c) dv2 m dvmc\~~

and is checked numerically.

Conditions (37b) and (38) are equivalent to the continuity
of the Hamiltonian at t\ and t2, respectively. This can be easily
verified by writing the Hamiltonian (20) in the form H(x, A, u)
= H0(x, \) + S(x, A)-Tand noting that all states and costates
and consequently also HQ and 5 are continuous across t\ and
t2. Note that two solutions, namely, 5~ =0 and T+ - T~ =0,
are possible. The jump in the multipliers (37c), (37d), and (37e)
is implied by the interior point condition, Eq. (37a).

IX. Numerical Results
For a numerical treatment of the problem, the dynamic

pressure limit qmax (or equivalently #max'^4) is varied between
Qmax = 0 (trivial case in which a rocket is allowed only hovering
with maximum velocity zero) and qmax = + oo (dynamic pres-
sure limit can be ignored). In the fixed final time case, tf is
prescribed explicitly with values between f/>min, the minimum
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time within which all fuel can be burned, and t*, the optimal
free final time. There is no point in considering specified times
larger than t*9 since one imagines the vehicle could simply
be held on the launch pad until t* time units remain. In the
free final time case always v(//e) = 0 is obtained, i.e., the final
velocity is zero.

As noted earlier, the switching structure, that is, the se-
quence of different control logics that actually solves the prob-
lem, is not known in advance. For a given problem it has to be
found by numerical experiments. Assuming a certain switching
structure, the state equations (2), costate equations (21), along
with boundary conditions (4a-4c) and (4f), transversality con-
ditions (33) and (34), and corner conditions implied by the
assumed switching structure yield a multipoint boundary-value
problem (see Fig. 1 for an example case). For ^max>0 and tf
ranging between the minimum possible flight time (/,min(#max)
within which all of the fuel can be burned and the optimal
flight time t*(qmax), the following different switching struc-
tures are found to solve the problem:

51) full-zero
52) full-singular-zero
53) full-singular-full-zero
54) full-constrained-zero
55) full-constrained-singular-zero
56) full-constrained-singular-full-zero
57) full-constrained-full-zero
58) full-constrained-full-singular-zero
59) full-constrained-full-singular-full-zero

l ) r = 1
2) v = 0
3 ) m = 1

^*^~

full
(» ~ vnux <

4) v - v,,,., = 0
5) W* -//- = 0.

A, + = A, - - /„*" ym")
8) v - v,^ = 0
9) A, = 0
10) m = 0 . 6

6)S = o| 11a)dl,
7)5 = 0 lib) H*

^*^^ ^***^'
constrained

0) (v - VBU » 0)

T = Teaau («« Eq . (30))

singular
(V - VBU < 0)

T = T^ (see Eq . (28))

= 0

————— ""^-^J.

zero
(v - v.., < 0)

D A\i '' *<2 '2 *h '3 ^4 '4

parameters: r(0), v(0), m(0), AX/O). >UO), Am(0), /0, Aiv At2, At3, Jr4
conditions: see above

Fig. 1 Schematic representation of the boundary-value problem as-
sociated with the switching structure: full, constrained, singular, and
zero.

. free (full-sing.-zero)
o.= 10 (full-constr.-sing.-zero)

full-constr.-full-sing.-zero)- - - - i( iree qmo»=».3 IIUH—consir. — IUM — smg.-
- - - t, free qmoil=9.0 (full-constr.-full-zero)

- - - t, free qn.̂ 7.0 (full-constr.-zero)

-1

0.00 0.05 0.10 0.15 0.20 0.25
t

Fig. 3 Thrust vs time for selected trajectories in the free time case.
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Fig. 4 Switching function vs time for selected trajectories in the free
time case.
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Fig. 2 Optimal switching structures in the tf, gmSLX'A plane.

For switching structures S4, S5, and S6, the continuity of the
Hamiltonian at the end of the constrained arc, say at time t2,
imposed by condition (38) is satisfied through S ~ = 0 (or
equivalently /x~ =0). For switching structures S7, S8, and S9,
condition (38) is satisfied through T+ - T~ = 0. The domains
in the tf,qmax plane where the previous switching structures
solve Eqs. (1-6) are shown in Fig. 2. The time histories of
thrust 7*, the switching function S, and the dynamic pressure
times cross section area q -A, for selected trajectories in the
free time case, are given in Figs. 3-5, respectively. Figure 6
shows the same trajectories in the h,v plane in dimensional
units.

X. Numerical Procedure for Solving Multipoint
Boundary-Value Problems

For switching structure S5 (full-constrained-singular-zero)
the multipoint boundary-value problem (MPBVP) associated
with the first-order necessary conditions is indicated schemati-
cally in Fig. 1. This is the simplest switching structure that
involves each one of the possible control logics at least once.
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20-i

15-

<
* 10
CT

5-

- t, free, q^ free (full-sing.-zero)
----- t( free. qm<»=10 (full-constr.-sing.-zero)
---- t( free. qrmw=9.5 (full-constr.-full-sing.-zero)
- - - tf free. qm«,=9.0 (full-constr.-full-zero)

- - - t, free. qm<ni=7.0 (full-constr.-zero)

0.00 0.05
' » i i i i
0.10

"ff TI I I I I I I I I I I I I
0.15 0.20

TT-r-|
0.25

Fig. 5 Dynamic force q -A vs time for selected trajectories in the free
time case.

It is clear that the trajectory can be obtained by simple forward
integration once all parameters r(0), v(0), ra(0), Xr(0), Xv(0),
Xw(0), /o, A^ l y A£2, A?3, and AJ4 are known. These 11 parame-
ters are determined by the 11 conditions numbered 1-10 and
lla for fixed final time and 1-10 and lib for free final time
in Fig. 1, respectively. (The jump conditions for the Lagrange
multipliers at time t\ can be considered directly during the
integration.) The smoothness of the right-hand side of the
differential equations on each subarc implies smooth depen-
dence of all conditions on the parameters, so that a Newton
method can be applied to solve this root-finding problem.

Despite its simple structure, the Goddard problem is not an
easy problem to solve. A first optimal trajectory for problems
(1) and (4) can be generated by explicitly prescribing final time
//and assuming switching structure SI (full-zero). From Fig. 2
it is clear that this is the correct switching structure provided
the final time // is prescribed sufficiently small and qma}iA is
sufficiently large. The associated MPBVP is well conditioned,
and the Newton method converges well, even with trivial initial
guesses, such as Xr(0)= 1, Xv(0)= 1, Xm(0)= 1, A/! = 0, Af2 = 0,
A/3 = 0, and A/4 = 0. (The notation used here is analogous to
the one used in Fig. 1.) Subsequently, using continuation
methods, the prescribed final time can be increased until the
optimal final time t* is reached. By monitoring the behavior of
the switching function S and its first time derivative S, it is
always possible to guess the correct switching structure.

The dynamic pressure limit (5) and (6) can be introduced to
the problem by starting at a solution with switching structure
SI (full-zero) and prescribing the maximum dynamic pressure
#max slightly below the maximum q value obtained in the solu-
tion to the free problem. By monitoring the switching func-
tion, its derivative, and the dynamic pressure function of time
along the solutions obtained, it is always possible to guess the
correct switching structure when changing qmax and tf in a
continuation method with sufficiently small steps.

In most cases the convergence of the associated MPBVPs
is good once the switching structure is guessed correctly. In
some cases the convergence is bad. For all but two switching
structures, namely, S3 (full-singular-full-zero) and S9 (full-
constrained-full-singular-full-zero), the bad convergence can
be overcome by simply reducing the step size in the continua-
tion method. For switching structures S3 and S9, this cannot
solve the problem when the length of the full-thrust arc fol-
lowing the singular-thrust arc is sufficiently small. The sources
for the numerical difficulties are the same for both switching
structures and lie in the fact that the switching function is

very flat and small in magnitude along the full-thrust arc fol-
lowing the singular arc. If this full-thrust arc is short, this
causes the switching time that determines the end of the full-
thrust arc to be extremely badly conditioned. Even multiple
shooting (see Stoer and Bulirsch19) cannot alleviate this prob-
lem satisfactorily.

A remedy for this problem is to start the integration at the
end of the singular-thrust arc. Explicitly, consider switching
structure S3 (full-singular-full-zero) and let 0, t\, t2, t^ , and
?4 - tf denote the initial time, the three interior switching times,
and the final time, respectively. At the end of the singular
control arc, i.e., at time /2» it is known that conditions (26) and
(27) must hold. Starting the integration at time t2, these con-
ditions can be used to express Lagrange multipliers \r(t2) and
\v(t2) in terms of the remaining states and costates. Hence the
set of parameters

r(t2) v(t2) m(t2) \m(t2)

(39)

completely characterizes the trajectory. These eight parame-
ters are determined through the following eight conditions:

r(0) = 1

v(0) = 0

m(0)= 1

S(t3) = 0

X,(f/) = - 1

Xv(//) = 0

H(tf) = 0

= tf

(40a)

(40b)

(40c)

(40d)

(40e)

(40f)

(40g)

(40h)

(40i)

Here the conditions (40h) and (40i) refer to fixed and free final
time cases, respectively. The boundary-value problem of Eqs.
(39) and (40) is well conditioned, and convergence can be
obtained even if t3-t2< 10~4. In this case, |5| < 10~10 on the
integral (t2,t3).

80-

qme> free (full-sing.-zero)
qmo«-10 (full-constr.-sing.-zero)
q^^g.5 (full-constr.-full-sing.-zero)

=9.0 (full-constr.-full-zero)
constr.-zero)

0.2 0.4 0.6 0.8 1.0
velocity in km/s

Fig. 6 Altitude-velocity chart for selected trajectories in the free time
case.
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Fig. 7 Payoff vs dynamic pressure limit comparing the optimal so-
lution and the feedback solution.

XI. Simple Feedback Strategy
An intuitive feedback law to solve the problem of Eqs. (1-6)

with free final time tf is given as follows: choose Tas large as
possible subject to the constraints T£ [0, rmax] and P$ = q
- <7max^0- That means the thrust is always set T = Tmax and is
reduced to the value computed by expression (30) whenever the
dynamic pressure limit PQ = O is active. The optimal final time
t* is obtained from v(t*) = 0. The structure of these feedback
solutions is found to be of the following form:

(FBO) constr. if <?max • A = 0

(FBI) full-constr.-zero if qmax -A € (0, 8.303)

(FB2) full-constr.-full-zero if qmax-A € (8.303,21.334)

(FB2) full-zero if <7max'^>21.334

By comparison with the optimal switching structures given in
Fig. 2, it is found that these feedback strategies actually yield
the optimal solution for qmax-A <8.303. For qmax-A >8.303,
the loss in final altitude increases until <7max,free 'A = 21.334, the
maximum attainable dynamic force with thrusters burning on
full throttle, is reached. For <7max>#max,free» the loss in per-
formance remains constant. These results are shown in Fig. 7.
It is observed that the relative loss in final altitude never ex-
ceeds 2.5%.

XII. Conclusion
The effect of a dynamic pressure constraint on the vertical

ascent of a sounding rocket has been studied. Trajectories
leading to maximum possible altitudes have been obtained for
arbitrarily prescribed values of the dynamic pressure limit and
for specified final times ranging between the minimum possi-
ble time within which all of the fuel can be burned and the
optimal final time that emerges for the problem if the final
time is left free. Nine different switching structures have been
obtained and the domain of dynamic pressure limit and speci-
fied final time where they furnish the optimal solutions have
been clearly identified. It has been shown how, at times, the

condition of MPBVPs associated with the first-order necessary
conditions can be improved dramatically by starting the inte-
gration at a conveniently chosen point in the interior of the
trajectory. Finally the optimal solutions in the free-time case
have been compared with a simple intuitive feedback strategy.
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